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Abstract: We discuss the construction of non-chiral S matrix of four-dimensional M = 4 su- 
per Yang-Mills using a non-chiral superspace. This construction utilizes the non-chiral repre- 
sentation of dual superconformal symmetry, which is the natural representation from the point 
of view of the six-dimensional parent theory. The superspace in discussion is projective su- 
perspace constructed by Hatsuda and Siegel, and is based on a half coset U(2,2|4)/U(l,l|2)+. 
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plitude. The non-chiral formulation can be straightforwardly lifted to six dimensions, which 
is equivalent to massive amplitudes in four dimensions. 
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1. Introduction 

In recent years, newly discovered symmetries and dualities have played an important role in 
the construction of S-matrix. The most prominent are the dual superconformal symmetry [1, 
2] of planar M = 4 super Yang-Mills, and the color-kinematics duality for general Yang- Mills 
amplitudes [3]. The former is a superconformal symmetry defined in an auxiliary dual space 
and has been established as a symmetry of the planar theory both at strong [4, 5, 6] and 
weak [7, 8, 9] coupling. The generators of this new symmetry, when written in terms of the 
original on-shell variables, becomes an Yangian algebra [10], and has played a central role in 
determining the S-matrix elements to all order in the number of external legs at tree- [11], and 
at loop-level [12, 13, 14]. The later, proposed by Bern, Carrasco and Johansson (BCJ), is the 
conjecture of the existence of a representation for (super) Yang-Mills S-matrix elements, where 
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both the color and kinematic structure satisfies the same Jacobi relations. It was proven [15] 
that once such a representation is found, one can directly obtain the (super)gravity S-matrix 
elements directly from (super)Yang-Mills ones. Such a relationship has been demonstrated 
up to three loops [16]. 

In this paper we will focus on a non-chiral version of dual superconformal (DSC) symme- 
try. Dual conformal symmetry has recently been established for maximal super Yang-Mills at 
tree- level in ten [17] and six dimensions [18, 19], while the analysis in six-dimensions has also 
been extended to loop integrands due to the availability of supersymmetrized [20] spinor- 
helicity formalism [21, 22]. The lower dimensional dual symmetry can then be viewed as 
inherited from higher dimensions. In four dimensions, on-shell superconformal symmetry 
is most conveniently analysed using twistorial constructions. Indeed the current studies of 
dual superconformal symmetry [23, 24] utilizes the notion of momentum twistors [25], which 
are twistor variables that defines the dual momentum spacetime. Such a construction is in- 
herently chiral, reflected in the fact that the dual space is a chiral superspace. However, 
from the higher dimensional point of view, the natural space to establish such a symmetry 
is a non-chiral superspace. This can been seen by looking at six- dimensions, where the on- 
shell superfield for maximal super Yang-Mills is a scalar superfield [20] (see also [22]), and 
the grassmann variables transform under the non-chiral SU(2)xSU(2) R-symmetry. Thus 
the dual conformal symmetry in higher dimensions implies that there exists an alternative 
representation of the four dimensional DSC symmetry, where the superspace is non-chiral. 

There are various reasons why non-chiral formulations are desirable. From the practical 
view point, once the non-chiral formulation of the massless amplitude is obtained, one can 
straightforwardly obtain the massive amplitudes. More precisely, at tree-level the six dimen- 
sional parent superamplitude and its four dimensional massless reduction(all external lines 
lies in a four dimensional subplane) takes the same form (see [18, 26] for details). This is 
due to the fact that the six dimensional superamplitude is non-chiral, and hence Levi-Cevita 
tensors, which will vanish in four dimensions and potentially invalidate the equivalence, will 
not appear. Thus, at tree level, obtaining the four dimensional non-chiral amplitude is equiv- 
alent to obtaining the six dimensional form. After uplifting to six dimensions, using a massive 
reduction, i.e. an arbitrary massless momenta in six dimensions is equivalent to massive mo- 
menta in four dimensions, one obtains the four dimensional massive amplitude [18] . The fact 
that the non-chiral massless amplitude knows about the massive extension, is really the power 
of higher-dimensional dual conformal symmetry, which constrains how the extra dimensional 
kinematics, or masses, can be introduced. In fact it is well known that the massively regulated 
amplitudes of M = 4 SYM are dual conformal invariant if one extends the dual symmetry to 
five dimensions and interpret the mass as the momenta of the fifth dimension [27]. 

From the theoretical view point, non-chiral amplitudes are potentially relevant for al- 
ternative generalizations of the Wilson loop-amplitude duality [4] beyond the MHV sector. 
A recent proposal, the correlator- Wilson loop-amplitudes duality [28, 29], is formulated in 
a non-chiral fashion. When compared the dual object to the amplitude, one by hand set 
the non-chiral part to zero. From a pure structural standpoint, it would be more natural to 
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compare non-chiral objects to non-chiral objects, and hence a reformulation of the amplitudes 
in some non-chiral superspace will be desirable. 

The purpose of this letter is to demonstrate that such a non-chiral formulation can be 
constructed most easily by utilizing the non-chiral version of the dual symmetry. The dual 
symmetry is defined in an on-shell non-chiral superspace which is a half-coset superspace 
U(2,2|4)/U(l,l|2)2_ constructed by Siegel and Hatsuda [30, 31]. There are eight bosonic 
and eight fermionic coordinates in this superspace, (xh v , 8 m i u , 6^ n , y^i)- This differs from 
the usual chiral superspace in that fermionic coordinates of both chirality exists and the 
R-symmetry is broken down to SU(2)xSU(2). The additional y coordinates is a grassmann 
even coordinate, and related to the R-symmetry generators. Extending the DSC generators to 
the on-shell space, one finds besides the usual superconformal generators, 16 level-1 Yangian 
generators 

(K U v Jf ^S^^ jf ] n , S m , v J$ \ R m > n -+ J# n ) . (1.1) 

The remaining 16 level-1 generators can be obtained by (anti) commuting the above with the 
superconformal generators, which serve as the level zero generators of the Yangian algebra. 

Dual superconformal symmetry of the planar amplitude implies that it can be written as 
a function of these coordinates. For example the four and five-point amplitude is given by 
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where Xij = Xj — Xj and 65,24 = (9 + 0)2X24X45 + (6 + 6)4X42X25 + (6 + 6)5X24- Note that the 
five point amplitude contains a non-trivial dual conformal covariant function in the square 
brackets, and can serve as building blocks of higher point amplitudes via BCFW recursion 
relation [32]. The above results is derived by performing half- Fourier transformation of the 
(anti)-chiral representation. Such transformation can be straightforwardly carried out for 
MHV(MHV) amplitudes for all-ra: 
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Detailed definition of the notations are given in section 4. The spinor products in the above 
expression are to be removed by multiplying and dividing by its anti-holomorphic partner. 

This paper is organized as follows: In the next section we will give a lightning review 
of projective superspace in the language of half-cosets. We will derive the coordinates which 



lr The function Oijk is simply a non-chiral version of the dual conformal covariant object Sijk = (6jXjkXki + 
QkXkjXji +9iX 2 jk )\i) defined in [2] 
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parameterize the space, and give the generators of superconformal group in terms of these 
coordinates. In section 3, we define the relationship between the on-shell space and the dual 
space, and deduce how the dual generators act on the on-shell variables. We will see that 
among the 64 dual generators, 16 becomes trivial, 32 becomes part of the original super- 
conformal generators, and the remaining 16 becomes the level- 1 generators. In section 4 
we first discuss the relationship between the four- and six-dimensional tree amplitude and 
the structure of the amplitudes in the dual space, which is naturally separated into a (su- 
per)momentum conservation piece and a dual conformal covariant piece which is similar to 
the "R" -function in the chiral approach. We will explicitly construct the five point ampli- 
tude and six point MHV amplitude via half-Fourier transform. The transformed result for 
general-n is given. With the use of ambi-momentum twistor space, we will expose the cyclic 
symmetry of the amplitude, which is non-manifest in the dual space coordinates. In section 
5 we give the conclude and a discussion of future directions. 



2. Projective superspace and superconformal generators. 

Here we give a quick introduction to half-coset spaces and in particular the half-coset U(2,2|4) / 
U(l,l|2)^_, more details can be found in [30, 31]. Both coset and half-cosets can be understood 
in the following unified construction. One begins by choosing a particular U(l) generator of 
the group G and divide all the generators into those with positive G + , negative G_ and 
vanishing eigenvalues Go- The generators Go, which includes the chosen U(l), forms the 
isotropy group for the usual coset description. For half-cosets, one enlarges the isotropy 
group to include G_ and thus leaving behind G+, which defines the parameters of the space. 
Half cosets are conveniently labelled as G/G$+, where the "+" indicates that one quotients 
everything except the G + generators. 

We now consider the particular example U(2,2|4) /U(l,l|2)+ in more detail. We introduce 
the U(2,2|4) homogenous coordinates: 



where the U(2, 2|4) isometry group index M. is split into half with M = (/i, m) , M' = (fi, m!) 
to match with the structure of the two C/(l,l|2) isotropy group index A = (A, A'), with 
A = (a, a) and A' = (a, a'). The superspace coordinates are acted on the right by the 
isometry group generators 
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For convenience we explicitly write out the superconformal generators in this construction: 
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The indices Qu, /i, m, m') are all SU(2) indices, and can be raised or lowered by the SU(2) 
metric. The (local) isotropy group acts from the left on Z A M ■ Rewriting the superspace 
coordinates as 
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the half-coset space U(2,2|4)/U(l,l|2)^_ then corresponds to using G 
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with the coordinates w. 

More explicitly, the half-coset coordinates w are given by: 
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to gauge away v,u,u', and one is left 
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Note that since the coordinate w is defined in terms of "ratios" of z coordinates, which 
linearly realizes the global superconformal group G, the w coordinates transforms as ratios 
of the transformation generated by the subgroups of G [31]. Explicitly, one can show that 
under a general global SU(2,2|4) element 
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This non-linear realization of the superconformal group is why the coordinates w are generally 
referred to as "projective" superspace. 

The superconformal generators, when written in these coordinates, take the form: 
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The contraction of repeated indices will introduce extra minus sign if the R-symmetry index 
(to, n') is contracted across odd number of R-symmetry index. 2 For convenience, we label 
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From this point of view, chiral superspace corresponds to the half coset U(2,2|4)/U(1,1|4)U(1,1). 
where G W = (P^, Q^' , Q^ n ). 

3. From projective to on-shell (A, A, 77, 77) space. 

Now that we've identified the dual space as projective superspace and obtained the form of 
the superconformal generators in this space, we can deduce how the generators act on the 
amplitudes by converting the projective coordinates to the on-shell coordinates, (A, A, 77, fj). 
Recall that in the original chiral superspace, the dual variables are related to the on-shell 
space via the hyper-plain constraints [2]: 

x f - xtf, = A? A? 



tp-at" -Afr?f (3.1) 



where I = (1 — 4) are the SU(4) indices and i labels the external legs of the color ordered 
amplitude. For projective superspace, the natural construction is to break the SU(4) down to 
SU(2) xSU(2), with rj 171 = r} 1 for 7 = 1,2 and fj m = fjj for I = 3,4. Thus the dual projective 
coordinates (x^ u , 9 m > u , 6(1 n , y m > n ) are now related to the non-chiral on-shell space (A, A, i], fj) 



as : 

rr-. v — rr. , . v — \..\. v 

a v _ a v \ v 

"im "i+lm' — 'lim'^i 

a n a n _ \ - n 
— "i+lfi — ^iuVi 

Vim' n ~ Vi+lm' U = mm'V? (3-2) 

Note that the R-coordinates are grassmann even. The action of the dual generators on the on- 
shell space can be derived by requiring that the generators are extended such that the above 
hyperplane constraints are maintained, i.e. the result of applying Gm ^ = YH=i G%m ^ 011 
the LHS of eqn.(3.2) must match with the result of the extension terms acting on the RHS 
of eqn.(3.2). From now on, hatted generators indicate that it is a complete sum of single site 
generators. We analyse each of the generators (G w , G u , G u >, G v ) separately. 

3.1 Generators G w : 

The generators G w — (-^w u •> Qfi n ; Qm v •> T-m n ) are trivial in the on-shell space, since these 
corresponds to translations in (x^ v , 9 m i u , 9^ n , y",J and eq.(3.2) is translational invariant. 
Thus these generator does not impose any constraint on the superamplitude. 

3.2 Generators G u ,G u r. 

The extension of the generators G u and G u i corresponds to the usual superconformal gener- 
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ators. To show this, we use Q^, n as an example. From eq.(2.6) we have 





Q» n = Y^ WiF " 



dwipi p 



d-d 



To preserve eq.(3.2), we see that one needs to modify 

Q; n = Q, n +J2^^- ( 3 - 4 ) 

i 1 

Thus one sees that when acting on the on-shell space, this is simply the original conformal susy 
generators s™. Following the conventions of [2], we denote dual generators by capital letters 
and small letters for ordinary superconformal generators. Similar result can be obtained for 
all other G u and G u i generators, which maps into original superconformal generators with 
the role of susy and conformal susy generators reversed, i.e. S —> q,Q —> s. Note that the 
dual generators G u and G u i corresponds to the original superconformal generators that are 
linear in (A, A, fj m , i] m i) derivatives. Later we will use this fact to extend the dual conformal 
symmetry in six-dimensions to include half of the fermionic generators. 

3.3 Generators G v : 

The remaining 16 generators G v are non-linear transformations in projective superspace. 
Here we will demonstrate that, once extended to the on-shell space, they become level-1 
Yangian generators, J^ A = f AB C j(o)B j(o)c ^ w h ere j(o) are ^ e conventional superconformal 
generators labelled by A, and f ABC is the SU(2,2|4) structure constants. We analyse the G v s 
separately. 

• 1. K^: 

In projective space this takes the form 
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To preserve the four constraint equations, one arrive at the following extension 
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Note that this extension is different from the usual result derived from chiral super- 
space [2], it is manifestly symmetric in both A and A. This implies that the conformal 
inversion rules for A and A will be symmetric as well. The tree-level amplitudes are 
invariant under the shifted dual conformal boost generator as [2]: 

+ J A = (3.7) 

While the above result was derived for the amplitudes expressed in chiral superspace, 
it simply follows from 

/ [A n ] = \Jl x ij A m and IPI = K ( 3 - 8 ) 
which holds for projective superspace as well. 

Following [10], one can rewrite the extension terms in eq.(3.6) as bi-local products of 
the original superconformal generators. Using 
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and denoting u + Y^=i X «A v = " + v i one sees ^ na t ^ ne ( x i > $i > $i) dependent 
terms in AK^ v can be written as 

U A "m" , + i,j"m/ + i,j "d + <W + hi, m <f m ) . (3.9) 

where the generators (q, q, d, rh, m) are part of the original superconformal generators, 
and hence vanishes trivially on the amplitude. The remaining terms in AK^ v takes the 
form 
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We can add to the above the following term which trivially vanishes on the amplitude, 

1 n 1 

2 E [Pi* PmV p + PiP * + <W m ' + + Ud ) ~ o p A " ' 

3=1 

(3.11) 

we finally arrive at the form 
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which is the standard level one generator J^' v although in a non-chiral form. 

We now look at the generator 11 {S m i v can be derived in the same fashion). We have: 
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To preserve the constraint equations we extend it by 

V" = + (kOi + ftm)a n A*A^f- + J 0* + * 
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Since the dual generators (Q^ n , n ') just correspond to the conformal susy generators 
(Sfj, n , Sft n ') which vanishes on the amplitude, using the algebra [K& M , Q p n ] ~ Sp 1 S™ along 
with eq.(3.7), one can deduce: 

^* n + J2e ifl n ^jA n = (3.15) 

and similar result for S m i* v . Following similar steps as above, we find the extended 
part 

H = ~\ E U> * + \q* n {d + c)j + Pjfi a «ia n ~ r jm < "ft* m ' - - (i O j)) 

(3.16) 



which again matches with that of jj^ n . 
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4 T i n 



Non-trivial dual R-symmetry generators is a generic feature in theories whose on-shell 
space is non-chiral. A prime example is the three-dimensional M = 6 super-Chern 
Simons theory [33]. Here we have: 



^[-e im > y ip > g^i + o™ ^—»+y*m> y ip > ^" 

- . d 



i=i 

Uim' u ifi 



(3.17) 
(3.18) 



The extension to the on shell space is given by 





n ( \ d 1 



1 9 1 d \ 
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Using the algebra {Q M n , 5 m ' "} ^ SY^Fjy^i n ^ on6 Ccin deduce, from ec[.(3.15), 
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T m , p * + > v im > p \A n = 0. (3.20) 
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This allows us to arrive at the final bi-local form 

Af m , n = (q jm , % - qjfi n t m , + r jp > n r im , * + r jm > p r? p ) , (3.21) 

j<i 

which indeed correspond to that of J^} n . 

Thus in conclusion, the DSC invariance in projective superspace implies 16 non-trivial 
level- 1 Yangian like constraints on the on-shell space, {J^ u , J^ n , J^i ■> J^J 71 )- The re- 
maining 48 Yangian generators can be obtained by (anti)commuting the original supercon- 
formal generators, those that do not correspond to G u ,G u r, with G w . 

In the half-coset description, it is clear which dual generators corresponds to ordinary 
superconformal generators, (G U ,G U >), and which to level-1 Yangian generators (G v ). This 
identification is valid for chiral superspace as well if one generalize the half-coset. Take 
a general half-coset of the U(2,2|4) group, U(2,2|4)/U(l,l|4-n)U(l,l|n) + , we see that n = 
corresponds to chiral and n = 2 to projective superspace. Thus we see that for both 
cases, the isotropy group generators of the half-coset corresponds to the Yangian generators, 
where the (G u ,G u i) are the level-0 and (G v ) are the level-1 generators. The remaining half- 
coset generators (G w ) are the trivial generators. This structure is shown in fig.l. This 
construction can be further extended to include the remaining Yangian generators, which 
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Figure 1: The segregation of the DSC generators into level-0 and level- 1 Yangian generators in the 
framework of projective and chiral superspace. The level-1 generators corresponds to the dual G v 
generators. 



has the level-1 and the level-0 ordinary superconformal generators that are not included in 
the DSC generators. This extension is schematically given in fig. 2, where the green contour 
encircles the DSC generators, the blue encircles the level-1 Yangian generators and the red 
encircles the ordinary superconformal generators. The generators in the extended contours 
can be identified by their index structures, which are simply periodic repeats of those inside 
the green contour and given in eq.(2.2). 

Finally, we comment on the similarity between T m i n and the recent bonus U(l) Yangian 
generator 5B found in [34] which schematically take the form: 

n— 1 n 

k=i j=k+i 

Although T m i n in eq.(3.21) is similar to the above, they are not equivalent. This can be seen 
by noting that combining 23 with the ordinary susy and conformal susy generators generate 
the known dual superconformal generators: 

[®,«] = -5, [58,g]=Q (3.23) 

On the other hand T m i n is simply the dual i?-symmetry generator and is part of the original 
SU(2,2|4) Yangian generator, thus it is implied by the other level-1 and level-0 generators. 
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Figure 2: Extension from the DSC generators to the full Yangian including level-0 and level-1 genera- 
tors. The green contour encircles the DSC generators, the blue encircles the level-1 Yangian generators 
and the red contour encircles the level-0 or the original superconformal generators. 



The difference can also be seen from the fact that the supercharges transform with the same 
weight: 

[T m , n ,s] = S, [T m , n ,q] = Q. (3.24) 

One can extend DSC symmetry from SU(2,2|4) to U(2,2|4), however the extra dual U(l) 
charge simply correspond to the original helicity generator since the U(l) is a combination 
of G u , G u >. Thus the bonus generator 03 does not correspond to the U(l) extension of DSC 
symmetry. 



3.4 Non-chiral DSC symmetry as a descendant from six dimensions 

While it is expected that the above non-chiral DSC symmetry is a symmetry of the ampli- 
tudes, since it is merely a different representation of the same algebra, it is instructive to take 
the view that it is a descendant symmetry from six dimensions. From this point of view, the 
six-dimensional dual conformal symmetry is inherited by the four-dimensional non-chiral am- 
plitude. The superconformal invariance of the four-dimensional massless theory then enhances 
the dual symmetry to the full DSC symmetry. On the other hand, since the six-dimensional 
theory and its four-dimensional massive descendant is only super Poincare invariant, the 
dual conformal symmetry can only be enlarged to half of the fermionic generators of the full 
DSC symmetry. Thus the four-dimensional massless theory enjoys a symmetry enhancement 
both in terms of the original and dual symmetry. We show this by explicit reduction of the 
six-dimensional on-shell variables. 

Amplitudes in six-dimensions can be completely written in terms of (super) momenta, 
(pf B , q^, c\iAa), where A, B are the six dimensional SU*(4) Lorentz indices, and a, a are the 
SO(4)~ SU(2)xSU(2) little group indices. 3 Note that there are two types of supermomenta, 
qi and q^, one for each SU(2) of the N = (1,1) R symmetry group SU(2)xSU(2). It was 

3 A vector in six dimensions is in the anti-symmetric representation of SU*(4). The * represents that it is 
a pseudoreal representation. For details of the six dimensional on-shell superspace see [20] 
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shown [19] that under dual conformal inversion, the six-dimensional tree amplitude inverts as 



(3.25) 



u=l 



This is exactly the same form as the four dimensional result except for the extra factor of 
{x\ ) 2 . The origin of this discrepancy is due to the mismatch of the (mass) dimensions between 
the momentum delta function 5 6 (P) and supermomentum delta function 5 s (Q). To make the 
connection to four dimensions more straightforward, one defines a function f n as 



A 



D=6 



5\P)5\Q)5\Q)f L n 



D=6 



(3.26) 



The usual 5 S (Q) is now written as S 4 (Q)5' i (Q) due to the non-chiral TV = (1, 1) symmetry of 
the six dimensional SYM. We then have 



I[fn 



D= 



(3.27) 



\i=l 



If one restricts the six-dimensional kinematics to a four-dimensional subplane, the on-shell 
variables reduces straightforwardly to four dimensional ones, 



Pi 



Pia 

-vU 



P 





(3.28) 



Note that the six-dimensional chiral supermomenta reduces to both chiral and anti-chiral su- 
permomenta in four dimensions. The four-dimensional R-index is not fixed, and we've chosen 
to have (/ = 1,2) to be chiral and (/ = 3,4) to be anti-chiral so one can straightforwardly 
match with the projective superspace result. The result is a non-chiral /^ =4 , which inverts 
in the same way as the traditional chiral version due to eq.(3.27). The covariance under 
the non-chiral conformal inversion then implies covariance under non-chiral conformal boost. 
One can also directly match the six dimensional dual generators with the four dimensional 
non-chiral version. For example, the dual conformal boost generator in six dimensions takes 
the form [19]: 

D = 6 : K» = J2 [(2 « " *l 7^7 + efia^ABxf ^ + iA {a») AB x iBC 



86,, 



c 



+ 



\f a {^)AB{x l + X l+1 ) BC ^ - (6, + 6 i+l ) A {^)AB\ P 



+ kAa{^) AB {xi + X i+l ) BC 







dXiCa 



~% + ~e l+1 ) A {a») AB KB 



drua 
d 
dfjf 



(3.29) 
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which is indeed the same as eq.(3.6) if one translate the six dimensional x, 9, 6 to four dimen- 
sional ones as in eq.(3.28) and identify the on-shell variables as follows: 

A\ = ( £ A ° ^, \m=( _\ . *° y Vai= (V\ fk) , f = (V3, r?) ■ (3.30) 

Once we've established the dual conformal covariance under the generator K*^ u , the covariance 
under n and S^, v can be established by noting that the amplitudes are invariant under 

Q^ n = s M n and Qf i n ' = I/,"', which is the usual conformal susy generators. Similarly the 
covariance under T* , n can be established. Thus one sees that the superconformal invariance 
of the massless amplitude enhances the dual conformal symmetry to the full DSC symmetry. 

As a side note, the six dimensional parent amplitude actually enjoys "half of the dual 
super conformal symmetry, albeit trivially. (Readers only interested in the four dimensional 
story can skip to the next subsection). We first discuss the six dimensional on-shell space in 
slightly more detail. The R-symmetry of N = (1,1) supersymmetry is SU(2)xSU(2). The 
fermionic variables of this on-shell space is (r/ a , fja), which carries the little group index. The 
rj, rjs can be understood as positive eigensates of the J z generator of the two SU(2)s, i.e. 
[J z ,vt] = "nt-i [Jz,vt] = ■ I n this notation, the fermionic generators can be written as 

(s A± , q A± , %% (3.31) 

The function f® =e is invariant under q^, <\a ^ but n °t s A:iz , s^. In terms of the original on- 
shell variables, (A„ , rj^, ^Aa,vt)^ generators q A ~ , q^ are linear in derivatives while q A+ , q\ are 
independent of derivatives. From our previous discussion we see that ordinary superconformal 
generators that are linear in derivatives correspond to dual generators with the identification 
q — > S and s — > Q. Thus we see that the amplitudes are invariant under dual S A ^,S^ 
generators. Finally the six dimensional hyper plane constraint 

n A - nA = °t A - ~et\ = ws" (3.32) 

also implies the trivial invariance of the amplitude under = S?=i qq+a , and Q A ~ = 

v^n d 

^i=i ae+ A ■ 

Thus in conclusion, we find that the dual conformal symmetry of fn~ & can be extended 
to the following supercharges 

P,M,D,k') -> (P,M,b,K\ + (q-,5") + (q~,S~) ■ (3.33) 

The charges form a subgroup of two six-dimensional superconformal group OSp*(8|2) with 
opposite chirality. The fermionic generators transform under the supergroup as 

(1,0)" 0(0,1)" (3.34) 

where the — indicate their charges under the two U(l)s of the Sp*(2)~SU(2) R-symmetry and 
the entry in the parenthesis indicate their chirality within the SO* (8). We stress, however, the 



- 14 - 



extension does not imply new constraints outside of the dual conformal and original super- 
symmetry. Thus the extension of the dual symmetry is a trivial extension. As a consequence 
the four- dimensional massive amplitudes enjoys half of the fermionic symmetries as well. 



4. Non-chiral amplitudes in dual superspace 

Given that the amplitudes enjoy the non-chiral DSC symmetry, it is natural to write them 
in terms of dual superspace coordinates. The conventional chiral representation, 

j^N k MHV _ jMHV x pN k MHV ^ -q 

is no longer valid since the fermionic dependence of MHV amplitudes is no longer simply 
supermomentum delta function. The simplest choice is then to use the six dimensional ana- 
logue, 

An = 5\x x - x n+l )5\9 1 - 0„+i)5 4 (0"i - ^+i)/ n D=4 (4.2) 

where the three delta functions enforces momentum and supermomentum conservation. The 
function /,f =4 is of fermionic degree 2{n — 4) in Oy-fi' ^, m . This counting of fermionic 
degrees of freedom can be derived easily from six dimensions. Alternatively, one can obtain 
this conclusion by Fourier transforming half of the rjs in the usual chiral representation. As 
mentioned previously, the function f® =i inverts with equal weight on all external lines: 



nfn = '] = (U X 'jfn= 4 - (4.3) 

At four-point the one has [35] 

/f =4 = ^V- (4.4) 
x l3 x 24 

Since MHV amplitudes are DSC invariant, the chiral separation in eq. (4.1) defines MHV 
that satisfies the full dual symmetry. The definition of fn =4 m e( l-(4.2), however, does not 
enjoy the full DSC symmetry. To see this one notes that the function 5 i {x\ — x n+ i)5 4 (6i — 
9 n+ i)5 A (6i — 6 n+ i), which in on-shell space takes the form S 4 (^ li X 1 ^ Xif 1 )5 4 (J2i ^i^Vim') 
d 4 (J2i ^ifiVT 1 )' by itself is not invariant under 

? / h n f n f , n '\ (A 51 

This translates to broken symmetry under the following DSC generators 

i^Qm 1 : Q[i i T m , T m i , , S m i *j . (4-6) 

Since the entire amplitude enjoys the full DSC symmetry, fn =A must be anomalous under 
these symmetries in order to compensate the anomalies coming from the (super) momentum 
delta functions. One thus conclude that the function fn =4 is ° m y invariant under 

M%, Sm'*, S M n ,£H. (4.7) 
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We will come back to the possibility of having a full DSC covariant representation at the 
end of this section. We first discuss the relationship between four-dimensional massless non- 
chiral amplitudes and their six-dimensional parent amplitudes. We will then construct f^ =4: 
which would be the first dual conformal covariant function with fermionic dependency. This 
function plays the analogous role of the "R" -function in the chiral representation. 

4.1 Four-dimensional non-chiral amplitudes—)- massive amplitudes 

In this subsection, we will give a procedure to obtain the six-dimensional amplitude from 
the non-chiral four-dimensional massless amplitude. As mentioned previously, the four- 
dimensional non-chiral amplitude can be obtained from six-dimensions by performing a mass- 
less reduction, i.e. eq.(3.28). In fact the relationship between the two is continuous, due to 
the fact that the supersymmetry of the six dimensional theory is non-chiral. 

To see how the six-dimensional and the non-chiral four-dimensional amplitude are related, 
one starts with reduction. Besides (super) momentum delta functions, the six dimensional 
amplitude are written in terms as rational functions of the following Lorentz invariants: 

6D : Sij, tr(f even ) , q% ven q, qfoddq, qfoddq, (4.8) 

where feven and fodd indicates strings of even and odd number of momenta respectively. 
The purely bosonic invariants reduces trivially to four dimensions, and are all non- vanishing 
except terms that are proportional to Gram determinants which we will discuss shortly. The 
supermomenta dependent invariants reduce as 

6D : {qifevenqj, qiToddqj, qifoddAj} 

-)■ AD : {qjfevenqj + mfevenqj3, vlVoM^ + qiifoddq), q?Toddq~j3 + mfoddq]} 

(4.9) 

One can see that all possible terms are non- vanishing in four dimensions. 

We now discuss the uplifting. For the four-point, the uplifting is trivial since we have 

4D : Ai = —i > 6D : A4 - 



st st 

(4.10) 

Since using a massive reduction, this gives the massive amplitudes in four dimensions, this 
implies that the non-chiral amplitude "knows" about it's massive extension. Beyond four- 
point, one might expect the uplifting to be more subtle due to the extra supermomenta 
appearing in the amplitude. However, the subtlety is trivialize once one realizes that the four- 
dimensional R-symmetry and its non-chirality ensures that all terms combine in such a way 
that one can trivially combine the four-dimensional supermomenta into six-dimensional ones. 

The manifest SU(2)xSU(2) R invariance implies that the four- dimensional supermomenta 

[1 21 

come in anti-symmetrize pairs, q - q i and ^[3^4] • Furthermore, the non-chiral nature of the 
amplitude also implies that the amplitude is invariant if one exchanges all qj <->■ ^4 and 
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Qi Qi3- These two constraints plus Lorentz invariance implies that the supermomenta 
dependent terms come in the combination such that one can directly uplift the expression to 
six dimensions: 




where the uplift to six dimensions is done according to the map eq.(4.9) and eq.(3.28). In- 
terestingly, the fact that the four-dimensional amplitude is written in projective superspace 
translate to chiral symmetry in six dimensions, i.e. symmetry under the exchange of q^ cjj, 
or equivalently, that the amplitude can be written directly in seven dimensions where the two 
chirality spinors are combined. 

There are potential six-dimensional Lorentz invariant objects that vanish in four dimen- 
sions and thus would invalidate the equivalence, i.e. the Levi-Cevita tensors and Gram deter- 
minants. Due to the non-chiral nature of the six-dimensional theory, the on-shell amplitude 
will always be symmetric under q^ o cjj and hence it will not contain the chirality matrix 
77 or equivalently, Levi-Cevita tensors. Thus one would only need to worry about Gram 
determinants. Such objects are not expected to appear at tree level, since any term with a 
Gram determinant will have to be by itself DSC covariant with the correct inversion weight 
along with the correct multi-particle poles. Generically this implies that such terms would 
have double propagators in order for it to achieve the inversion weight dictated in eq.(4.3), 
and hence would be ruled out by factorization constraints. However, at the moment we do 
not have rigourous proof of their non-existence at tree-level. Thus the precise statement is 
that the uplifting captures the six dimensional amplitude modulo terms proportional to Gram 
determinants. 

This provides a convenient way of obtaining massive amplitude. One simply start with 
the four dimensional result and use the above identification to combine the supermomenta into 
the six dimensional version along with continuing all the vector indices to six dimensions. This 
gives the six-dimensional amplitude. One then uses the fact that a six-dimensional massless 
momenta is equivalent to a four dimensional massive one: 



p 2 = p 2 — p\ — p\ = p 2 — mm = , 




one can obtain massive kinematics in four dimensions by identifying [18]: 




(4.13) 



where 



Pact — 



aPct 



(4.14) 
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and 

~ _ /-/ _ rn ~_rh , _ m , _ m 

(A//) [//A] (A//) [//A] 

As an example, the four-point massive amplitude using the above reduction is given as: 
4D massive : A4 = —5^ I ^ KaVi + ^if^iaVH I ^ I ^ ^j^Vj ~ ^j%4 



\i=i / \j=i 

4 \ / 4 



X( 



:5(2) [12 K '^kVk3 + Xtvlj 5 (2) [J2 -~ X ^ + WlaVlj • (4-16) 

where 5^ indicates that the SL(2,C) index a, a is summed over. The component states are 
the coefficients in the 77, f\ expansion of a scalar superfield. This scalar superfield is simply a 
half-Fourier transform of the original chiral superfield: 

^Z%ctive(v, ff) = J tfdrf^^Gj&aW . (4.17) 

The superfield is a scalar since the leading component field in the (77, 77) expansion is the scalar 
4> 12 . Starting with the following chiral expansion 

G? h =rii(v) = G + + t/^i + \*iJKiriT) J <f L + yuKLV 1 ^^^ + ^e IJKLV I V J V K r] L G- , 

(4.18) 

we obtain the following component expansion of the scalar superfield 

^jectvvM n) = <P 21 + rtm' + fj m ^ m + f] m r] n '<Pn> ™ + ^G~ + fG + 

WVm^ + ?? V</W + \vW^ (4-19) 

where now r/ 2 = \rf n r] m >, ff = ^fj m fj m , and the raising and lowering of indices is performed 
through SU(2) metric e 12 = 621 = 1, and we've identified I = (3,4) — > m = (1,2). The 
projective superfield can be directly mapped into the six-dimensional superfield [20] 

$ D=6 (r?, f})=4> + X a Va + Xat + 0'(r]) 2 + 9 a aVat + ' (vf 

+ Uvft + A a 7 ?a (7]) 2 + r(v?(fl) 2 , (4.20) 

where 7/ 2 = ^rj a r]a, rj 2 = \r)afl a - This gives the following map between four-dimensional 
states to six-dimensional ones: 

6D : (0, 0', 0", 0'") O 4D : (</> 2 \ </> 42 , ^) 



6D : X a , Xa, A a , A, o 4D : 



r ( -^4 \ / -r \ / -V'i 



(4.21) 
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4.2 Chiral — > non-chiral amplitudes 

In this subsection we will derive the non-chiral amplitudes directly from the chiral ones by per- 
forming half-Fourier transforms. The half-Fourier transformed result can be easily obtained 
by noting that for general n-point amplitude, the chiral representation can be obtained from 
the anti-chiral representation by Fourier transforming the fjs to rjs. In particular, one has 

I 4 



A n {N {n -^MHV) 



i=l 

n 



Ai(MHV) 



i=l 



i=l 



n^i[«+i] 



(4.22) 



where the repeated / are not summed over and the fourth power indicates the Fourier 
transform for each of the four I R-index. From the above equation one can deduce that 
can be written as 



MN MHV) nr=i[ii + 1] 



(4.23) 



where g(\,x,9) is some dual conformal invariant function dependent only on the variables 
(A, x, 9). This then implies that a single Fourier transformation is simply given by 



n „ n n 

i=l J i=l i=l 



(4.24) 



The non-chiral form of the MHV amplitude is given by Fourier transformation of r/i , 772 vari- 
ables. Using the above single Fourier-transformed result one obtains: 

l2 

(4.25) 



<5 4 (£?=i qf a )5\TJU Qima) b(A, x, 9)Y 



A n (MHV) 



n?=iN + i] 



Similar results can be derived for MHV amplitudes. The remaining step is to convert 
[g(X, x, 9)] 2 J niLiN + 1] m t° functions of the projective coordinates (x,9,9) which we will 
discuss in detail, beginning with the five-point amplitude. 



4.2.1 Five-point amplitude in non-chiral superspace 

We will now deduce the form of f§ =i using half-Fourier transforms. We first note that 
since the NMHV five-point amplitude in the chiral representation is equivalent to the Fourier 
transformation of the MHV amplitude in the anti-chiral representation, one has 



/ ( Ili=i d ViJ ) e<* J (5 2 (Ei *tA*fcj) 



•J V -«--»■ i -L ' "~ I w *i " * * 

(12) (23) (34) (45) (51) ^ = [12] [23] [34] [45] [51] (4 ' 26) 

where the DSC invariant function -^5,42 is given in [2], and the fourth-power of the numerator 
reflects four products of the same object with different R-index I. Generically R r s t contains 
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spurious poles, however at five point it can be rewritten in a form that has only two particle 
poles: 

_ (12) (23) (34) (45) (51) (E{ 24 ) 4 
5,42 [12][23][34][45][51]((45)(23)(51)) 4 ' { ' ' 

where 2 4 = (5| (^52^24^4 + ^54X42^2 + x 42^s) • Using the above representation of ^5,42, 
eq.(4.26) can be rewritten as a product of four independent Fourier transformations. This 
then leads to the following identity 



\i=l / i 



(45) (23) (51) " 5 ' 24 



(4.28) 



As promised, the function S| 24 /(45)(23)(51) is a dual conformal invariant if one notes that 
the spinors has the following inversion rules: 



X i X i+l 



X a8 X i 



X l X i+l 



(4.29) 



The above inversion rules are symmetric between the chiral and anti-chiral spinors. 

The identity in eq.(4.28) allows us to straight forwardly extract the half Fourier trans- 
formed result: 



f°=\MHV) 



1 

•S23S45S51 



L= 5,24' = 5,24m' 

(45) (23) (51) [12] [34] 



(4.30) 



We would now like to convert the above function into purely projective superspace coordinates. 
To do so note that one would have the remove the spinor brackets in the denominator in such 
a way that does not introduce spinor traces, since such objects do not lift to six dimensions. 
Thus one simply multiply and divide the above result by the (anti-)holomorphic partner of 
each the spinor brackets. This leads to; 



D=4 _ 1 

^ ™2 ry. 2 ^y.2 /-y.2 ™2 

x 13 x 24 x 35 x 41 x 52 



,■— /y»2 rf 2 >"•— o->2 

x 13 x 24 x 35 x 41 x 52 



"5 ra 24[ 5 l 2; 12 a:; 23a ; 342;4l|5]H5 i 24m' + S 5i2 4m (5|xi 2 X 2 3X34X41 ^Eg^ 



™2 ™,2 ™2 
x 52 x 41 x 24 



©5,24X51X12X23X34X41X158 



5.2 1 



/y>2 <tt< 2 

x 52 x 41 x 24 



(4.31) 



where we've added the half-Fourier transform of the MHV amplitude as well to give the full 
five-point amplitude. We've defined 



©5,24 = [x52X24(#m' + #m)45 + X^X^Q-m' + 6 



mj25 j 



(4.32) 



and the two across the gamma trace have their SU(2)-R indices contracted as m m and 
m r m ' . One can check that / 5 D=4 indeed inverts as eq.(4.3). 
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We are now ready to lift f^ =4 to f® = ®- The bosonic invariants xfj extends trivially to 
six-dimensions, thus the only non-trivial piece in the uplifting is the supermomenta dependent 
terms. One only needs to note that under the reduction formula eq.(3.28), substituting (p, q, cj) 
with (x,0^,0^) one has 

@i $even@jm 0im'$even0j — &i rfeverfi j ~i~ 0{ $even0j (4.33) 

where (0^,0^) are the six dimensional dual variables. Looking at eq.(4.31) one sees that 
the four-dimensional non-chiral result combines neatly into the form given above, and hence 
one can directly uplift the result to six-dimensions where one obtains: 



e D=6 



^4^42X25 + #52 ) £24£45)£5lXl2X23£34X4lXl5(£52X24#45 + ^54^42^25) 



x 13 x 24 x 35 x 41 x 52 x 52 x 41 x 24 



+ (0^0). (4.34) 

Translating back to the six dimensional on-shell space using eq.(3.32), one indeed obtains the 
five-point amplitude given in [20]. 

Note that in the non-chiral representation, one can still differentiate between different 
N^MHV terms. From analyzing the half Fourier transformation, one can conclude that a 
N A MHV amplitude has the fermionic dependence in the form of 

in \N K MHV ~ ^ 6 (4.35) 

where \n k mhv means we're picking out the N^MHV piece. Indeed one sees that the MHV 
and MHV amplitude corresponds to 0x ■ -x0 and 0x ■ -x0 terms in /cP =4 respectively. 4 Note 
that this does not contradict the statement that the six dimensional parent amplitude does 
not differentiate between different helicities, since an chiral and anti-chiral spinor in four 
dimensions combine into a singe six dimensional spinor as shown in eq.(3.28). 



4.2.2 six-point MHV amplitude in non-chiral superspace. 



As a further exercise, lets consider the six-point MHV amplitude in the non-chiral represen- 
tation. This amplitude corresponds to the N 2 MHV in the chiral representation and is given 
as [11]: 

a MHV _ 

Ui=i( n + !) 

where the generalized R- function is defined in [11], and we give for our case: 



l 



^25 = (32) (54) [(£1X23X35052 + (fe^S^j 

6;52;35 X| 5 (£|X 2 3X35|5)(£|X23X35|4)(£|X25X 5 3|3)(£|X25X 53 |2) ' 



There are no 6x ■ -x6 terms since there are even number of a;s in between. 
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whith (£| = (6|x65X52 and (5| = (6|x62X25- As with the five-point case, the (super) momentum 
delta function independent part in eq.(4.36) is secretly a fourth power of a single function 
divided by the anti-holomorphic spinor string Y]a=i fa + 1] ■ More explicitly, one can show that 



jK 6;25^ 6 ;52;35 



"6;25-£2;35 



I 1 



(34)(61)(56)(6|x 65 rE 5 2|2)x 2 



25 



(4.38) 



where we use S^ 2; 35 to denote (£1x23X356*52 + (£1x25X536*32. Following the same arguments as 
presented in the previous subsection, one can use the above formula to derive the half-Fourier 
transformed result of the MHV amplitude in the anti-chiral basis to obtain the non-chiral 
form. One then finds: 



-4 



MHV 



8\x ln+1 )5\e ln+l )5\e ln+ i) 
8\x ln+1 )5\e ln+1 )8\e 



-6;25-£2;35 



(34)(61)(56)(6|x 65 x 5 2|2)x 2 



25 



ln+1 



)[34][61][56](54)(23)(21)(H 6;2 5) 2 (%;3 5 ) 5 



Wi=l s H+l 



x 35 x. 



^ 2 X^(6|X 6 5X52|2) 



Again, we would like to write the above in purely projective superspace coordinates, thus we 
multiply and divide the above function by the anti-holomorphic partner of the spinor string 
in the denominator, i.e. [6|x65X52|2]. After some simple algebra, we arrive at 

5\x ln+1 )5\6 ln+l )5\hn+i) 1 



.MHV 



Hi 



^62 x il* r ( x 32£26£65Z53) 2 (^25) 2 



c 35" 



U.i=l S H+1 

e^25 x 61^12£23^35^5l£l60m'6;25@6£;35 x 64^43£32£26@n'6£;35 



where m '6 ; 25 is defined in the previous subsection and 0g^. 35 
For the MHV amplitude one simply trade 9 with 9. 



(4.39) 

^65^52 (X23^35^52 + ^25^53^32) • 



4.2.3 The n-point MHV — MHV amplitude in non-chiral superspace. 



From the discussion so far, one sees that for the MHV and MHV amplitude, the half-Fourier 
transformed result can be obtained quite easily and one is only a step away from the fully 
non-chiral representation. The remaining step is simply multiply and divide by the (anti-) 
holomorphic partner of what ever spinor string appears in the denominator. Thus for the form 
of the amplitude in projective superspace, it is sufficient to give the half- Fourier transformed 
result prior to removing the spinor inner products. 

The general n-point formula for the half-Fourier transformed result can be written as: 



/ n D=4 (MHV) 



1 



(HaVt(n-l)£(n-l)2#2n + {n\x n 2X 2 ( n -l)6(n-l)n) ' 

((nl)(nn-l)(n-2n-3)) 2 



ra— 5 

n 

r=l 



((£r\ x (r+l)(n-5+r) x (n-5+r)(n-l)Q(n-l)(r+l) + (£r|£( r +l)(n-l)^(n-l)(n-5+r)$(n-5+r)(r+l)) 

(£ r (l + r)>x 2 n _ 1){r+1) 
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The notations are based on Henn and Drummonds all tree solution [11]. The spinor (£ r | is 
given by 

(6-1 = (n|x n(n _ 1) x (n _ 1)(r+1) (4.40) 

One can see that the above formula reproduces eq.(4.30) and eq.(4.39). As a further demon- 
stration we give the seven-point result: 



/ 7 D=4 (MHV) - (H?;26)2 



((61^23^36^62 + (6k26^63^32) 2 ((61^34^46^63 + (g2k36^64^43) 2 

((71)(76)(54)(7|x 76 x 63 |3)(7|x 76 x 62 |2)xi 2 x2 3 )2 

(4.41) 



Once converted into the full superspace, one can continue the result to six dimensions, where 
through massive decomposition one can obtain the four dimensional massive amplitude. 

4.3 Non-chiral amplitudes in chiral momentum twistor space 

The fact that f§ =i in eq.(4.30) is not manifest cyclic invariant, is not surprising since full 
cyclic symmetry of the R-function in the chiral representation is only manifest using momen- 
tum twistors. Another related issue is that one does not expect that higher point amplitudes 
to be products of generalizations of /jp =4 in the form given in eq.(4.30) due to the lack of 
spurious poles. As discussed earlier, the original form of R r , s t contains spurious poles such as 
l/{r\x rs x s t\t) which degenerates for i?5 5 24 to 1/(51) [51] (54). In this subsection, we will rewrite 
/jP =4 in momentum twistor space which realizes the hidden cyclic symmetry and provides a 
form where the generalization to higher points introduces spurious poles. 

Due to the non-chiral nature of the dual space time, it will be natural for us to introduce 
momentum twistors of both chiralities. Furthermore since the dual symmetry is non-chiral, 
this will have subtle consequences in the proper definition of dual conformal invariants. Recall 
that the usual momentum twistor Zf = (Aj, fii, Xi) is used to define dual momentum chiral 
superspace via the incident relation [if = xf a Xi a = xf^Xi a and xu = 9tf\a = Gf+uKa. For 
the non-chiral superspace, we instead use both Zf = (A.;, fii, Xim>) and WiA = (fit, Xi, xT) 
along with a new set of incident relations 

r.a _ aa \ . . _ T «« \ . . 
r^i — i ^la — • h i-\-\ / ^ia 

xT = dr^a = er + Tx ia . (4.42) 

In this "ambi" -momentum space formalism, there are three types of dual conformal covariants: 

(ijkl) = eABCDZfzfZ^Z?, [ijkl] = e ABCD W Ai W jB W kC W lD , (ij) = Zf\V jA . (4.43) 

where Z and W are just the bosonic part of the supertwistors. The second type is simply the 
anti-chiral partner of the first type, 5 while the third type is equivalent to 

(ij) = xr^a + i4h* = <j\*iM = j J .'i • ('••'; 



: 'That is, we have for the special case [i — lij — lj] = [i— U][j — lj]xf 
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From this we can deduce 



£ABCDZf-\2 'j Z. 



J'+l 



(4.45) 



(j-ij)0'j + i) 

Note that we refer to the objects in eq.(4.43) as dual conformal "covariants" . This differs 
from the usual chiral DSC symmetry, where these objects will be considered as invariants. The 
discrepancy lies in the fact that the non-chiral conformal boost generator given in eq.(3.6) 
combined with K = IPI, implies that the spinors invert under non-chiral dual conformal 
inversion as 



r c [\l 



X i X i+l 



x -X 13 



ry 2 

x i x j+l 



(4.46) 



where we use the superscript c and nc to denote chiral and non-chiral respectively. This 
differs from the chiral inversion rules: 



/ C [A?] = xfXip, I c [\^] = x ap \ 



P 



(4.47) 



The consequence is that while the chiral inversion simply exchanges \x and A, the non-chiral 
inversion gives 



r c [Af] 



™2 ,y,2 

x i x i+l 



A? 



ry 2 /y^2 

x i x i+l 



Thus the objects in eq.(4.43) are covariant under this discrete symmetry: 

& kl ) rncr/.-.-M 



I nc [(ijkl)] 



ry 2 ry 2 ™i 2 ,yi 2 ,y» 2 ™i 2 2 ™i 2 

x j x i+l x i x j+l x fc x fc+l J 'i x £+l 



/""[('J)] 



2 2 2 2 

- V * ^ ry ±- "* / * y J— 

x j x i+l x j x j+l 



(4.48) 



(4.49) 



and similar results for [ijkl]. Thus non-chiral dual conformal invariants can be constructed 
using these covariant objects with the extra constraint that the inversion weights cancel 
properly. 

We are now ready to rewrite f§ =i in momentum twistor space. Using the fact that [25, 
24, 23] 

„! _ {( r ~ !, r, s - 1, s)xi + cyclic) 



^ r ' st (ss-l)(tt-l) 
we see that eq.(4.31) can be rewritten as 



(4.50) 



D=4 

5 



1 



1 



+- 



nt=i<*+i) 

1 



((1, 2, 3, 4) X5 + cyclic)"* ((1, 2, 3, 4) X5 + cyclic) m , 
((12><23)(34>(45)<51))2 

([1, 2, 3, 4]xs + cychc) m ([1, 2, 3, 4fe + cyclic) m 
([12] [23] [34] [45] [51])* 

((1, 2, 3, 4) X5 + cyclic)™' «1, 2, 3, 4) X5 + cyclic) m , 



S12S23S34S45S51 



(12) (23) (34) (45) (51) 



+ 



([1, 2, 3, 4] X5 + cyclic) m ([1, 2, 3, 4] X5 + cyclic) 
[12] [23] [34] [45] [51] 



(4.51) 
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Thus one sees that using momentum twistors, f® =i is indeed manifestly cyclic symmetric. 
Note that the terms in the square bracket of the first line is non-chiral DSC invariant, where 
the spinor strings exactly cancel the nontrivial inversion weight arising from the numerator. 
For higher point amplitudes we define the following non-chiral DSC covariants 



Hn,n-1.2 



((n - 1, n - 2, 2, l)x n + cyclic) 
(21) (In) (nn - l)(n - In - 2)(n - 2n 

({a, a-l,b,b- l)xu r + cyclic) 
(£ r r + l)(aa - l)(bb - l}xj n _ 1)(p+1) 
([n - 1, n - 2, 2, l]x n + cyclic) 



3)' 



[21] [In] [nn - 1] [n - In - 2] [n - 2n 
([a, a-l,b,b- l}xtj r + cyclic) 



3]' 



U r ,a,b 



[£ r r + 1] [aa - 1] [bb 



1 ] x (n-l)(r+l) 



(4.52) 



where U r is the twistor defined such that (£ r | = U^Iab and Iab is the infinity twistor. It's 
explicit form, in terms of (£ r | can be found in appendix A of ref. [24]. Similar definition 
applies to U r . Using these covariants, the MHV and MHV amplitude is given as 



/ n D=4 (MHV) 
/ n D=4 (MHV) 



1 



nr=i^+i] 
i 

nr=i<«+i) 



n—5 

U r ;n— l,n— 5+r 

r=l 
n—5 

^■n,n-l,2 Y\_ ^U r ;n-l,n-5+r 
r=l 



where the square indicates the contraction of the two SU(2)-R indices. Note that 7l r ,st is 
related to lZ r ,st y i a exchanging Z — > W. Note that the combination given in the square 
bracket are dual conformal invariants. We expect that higher point N K MHV amplitudes 
can be expressed in terms of products of these TZ T)S t and 7Z r ,st, in a fashion where Z W 
symmetry is manifest. 

4.4 Toward full DCS representation 

A glaring omission in the discussion of this section so far is the dual coordinates y m i n . 
While it is part of the full dual projective superspace, its presence is nowhere to be found 
in the explicit form of the amplitude, as well as in the incident relations for the momentum 
twistors. 6 The lack of its presence can be traced back to the fact that =4 is not fully DSC 



3 As in three dimensions [36], one proposal is to extend the incident relation to 



a • aa \ —a ■ aa \ 

II — —IX A a , fl — —IX A 

— m nma \ m' /im a \ 

X = 9 Ad, X = 9 A 

— m — m 77. 



a : 

777, m 



(4.53) 
(4.54) 
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covariant. In fact, one can check that by dropping all the y dependence in the generators 
of the DSC group, the generators still faithfully represent the subgroup that is respected by 
fn =4 i i- e - eq.(4.7) . This also explains the missing origin of the y coordinates in the six- 
dimensional parent amplitude, where f® =6 respects only a subgroup of the six-dimensional 
DSC symmetry as well, as indicated in eq.(3.33). 

The fact that the non-chiral representation is not written in a form where each term is fully 
DSC covariant is rather unsatisfactory. In the chiral representation, one way to understand 
MHV amplitudes is that it is proportional to delta functions in the dual chiral superspace. 
One may expect that for the non-chiral representation, one should instead separate a term 
proportional to 

5\x± - x n+l )5 A (9 l - 9 n+l )5\h - e n+ i)5\yi - y n+ i) • (4.55) 

However, the y coordinates of the amplitude are not really independent coordinates and are 
expressed in terms of x, 6, 6. To see this, note that from the first three hyperplane constraints 
in eq.(3.2), one can deduce 

#ii + lXj + ii +2 #;;+i , , 

yi,i+i = mm = 2 ( 4 - 56 ) 

X ii+2 

Since the amplitude is DSC invariant, any dependence on y must be in terms of differences in 
order to be translational invariant under T m n ' . One can then conclude that the dependence 
on y is completely determined by x, 6, 6 coordinates. This explains the lack of y coordinates 
in the expression f§ =A - On the other hand, the amplitude can be defined in the full dual 
superspace keeping in mind that it is non- vanishing only on the support of eq.(4.56), i.e. 



An = S\ Xl - x n+l )5\6i - e n+ i)5\h - 9 n+ i)5\ yi - y n+ i) (4.57) 

n 



i=l 



s-4/ vii+lXii+lUii+l . 
{Vi,i+1 2~ 



X ii+2 



fn (4.58) 



where 5 4 (yi — yn+i) is now needed to impose cyclic identification. However, this trivial 
rewriting does not cure the fact that f n is not fully DSC covariant. 



5. Discussion and conclusion 



In this paper we've analysed the non-chiral formulation of both the dual superconformal 
(DSC) symmetry as well as the amplitude itself. The non-chiral dual symmetry is most 
naturally defined in dual projective superspace, which can be converted to the usual on- 
shell variables via hyperplane constraints in eq.(3.2). Relating the dual space to the on-shell 
space, one sees that among the original DSC generators, 16 becomes trivial, 32 corresponds 
to the original superconformal generators, while 16 becomes Yangian level-1 generators. The 
remaining can be obtain by combing them with the original superconformal generators. 
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Identification of the dual space allows to write down the amplitude in a non-chiral fashion. 
Due to the fact that the MHV sector at a given point is as complicated as the other helicity 
sectors in the non-chiral representation, it is no longer reasonable to separate the amplitude 
in the form of 

A fMHV = A MHV x V N*MHV ({u) 

Instead, the simplest choice is to separate the momentum and supermomentum delta func- 
tions: 

A n = 5\x x - x n+1 )5\9 1 - 0„+i)5 4 (0"i - 9 n +i)f° =A (5.2) 

where the advantage here is that f® =i can be directly lifted to the six dimensional /^ =6 
defined in [19]. A side result of this analysis is the realization that the dual symmetry in six 
dimensions can be trivially extended from the original bosonic dual conformal to "half of 
the dual super conformal symmetry. 

The amplitude with manifest dual conformal symmetry can be straight forwardly derived 
at four and five-point via half-Fourier transform of the fermionic variables. The half-Fourier 
transformed result can be written down at arbitrary n for the MHV-MHV amplitudes. From 
the five point amplitude we are able to obtain the basic (6, 6) dependent dual conformal 
covariant function lZ TtS t, which can serve as building blocks for higher point amplitudes. 
Equipped with this dual conformal covariant function, one can recursively reconstruct higher 
point amplitudes [37] similar to Drummond and Henns result for the chiral representation [11]. 

The appeal of the non-chiral representation is that it can be continued to six dimensions. 
The uplifting is continuous, since both fn =A an d fn =G both have the same symmetry and 
are purely expressed in terms of momenta and supermomenta inner products, i.e. no spinor 
products. Obtaining the six-dimensional amplitude is then equivalent to four-dimensional 
massive ones, therefore a recursive solution for non-chiral amplitudes is equivalent to a recur- 
sive solution for massive amplitudes. The caveat is such a solution will be more complicated 
than a chiral formulation, since an n-point massless amplitude in the non-chiral representa- 
tion is as complicated as an N n ~ A MHV amplitude in the chiral representation. Indeed, one 
can compare the complexity of the closed form formula of the MHV amplitude given here 
with the all n-formula derived from the chiral approach in [38] . 

Finally, we note that this new representation is very similar to the dual symmetry in 
N = 6 super Chern-Simons theory [33], whose dual superspace is also non-chiral and requires 
additional bosonic coordinates that carries R-indices. It has been proven that the general n- 
point amplitude is OSp(6|4) DSC invariant at tree and at the level of (cut constructible parts) 
integrands [39, 40]. It was conjectured that the presence of these three bosonic coordinates 
implies that the string sigma model is self-dual under fermionic T-duality [5, 6], if one T- 
dualizes three directions in both AdS4 and CP 3 . However, despite several attempts [41, 42, 
43, 44, 45], such self duality was not established due to emergence of singularities. On the 
other hand, the appearance of the y coordinates is well understood in four-dimensions. Indeed 
the non-chiral dual symmetry in four dimensions is understood as the self-duality of AdSs x S5 
background [5] under eight bosonic and fermionic T-dualities along the directions specified 
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exactly by the projective superspace coordinates. A careful comparison might shed light on 
the nature of obstruction in three dimensions. An immediate interesting question would be 
the stringy origin of the fact that the amplitudes, or Wilson loop, are non-vanishing only on 
the support of 

r 4/ 6ii+l x i+li+2Vii+l n 

W,i+1 2 ) • 

X ii+2 

While this constraint is straightforward from the on-shell amplitude point of view, its geomet- 
ric origin in the sigma model is unclear. Further understanding of this non-chiral fermionic 
T-duality might also shed light on the correlator Wilson-loop duality [28], where these y 
coordinates appear in the correlation functions as well. 
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